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RIEMANN-ROCH SPACES AND LINEAR NETWORK 

CODES 


JOHAN P. HANSEN 

Abstract. We construct linear network codes utilizing algebraic 
curves over finite fields and certain associated Riemann-Roch spaces 
and present methods to obtain their parameters. 

In particular we treat the Hermitian curve and the curves as¬ 
sociated with the Suzuki and Ree groups all having the maximal 
number of points for curves of their respective genera. 

Linear network coding transmits information in terms of a basis 
of a vector space and the information is received as a basis of a pos¬ 
sibly altered vector space. Ralf Koetter and Frank R. Kschischang 
introduced a metric on the set of vector spaces and showed that a 
minimal distance decoder for this metric achieves correct decoding 
if the dimension of the intersection of the transmitted and received 
vector space is sufficiently large. 

The vector spaces in our construction have minimal distance 
bounded from below in the above metric making them suitable for 
linear network coding. 
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Notation. 

• ¥q is the finite field with q elements of characteristic p. 
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• F = Fg is an algebraic closure of F^. 

• G{1, N) is the Grassmannian of Z-dimensional F-linear subspaces 
of and G{1, N){¥q) its Fg-rational points, i.e. /-dimensional 
Fq-linear subspaces of F^. 


1. Introduction 


Linear network coding. In linear network coding transmission is ob¬ 
tained by transmitting a number of packets into the network and each 
packet is regarded as a vector of length N over a hnite held ¥q. The 
packets travel the network through intermediate nodes, each forward¬ 
ing Fq-linear combinations of the packets it has available. Eventually 
the receiver tries to infer the originally transmitted packages from the 
packets that are received, see [2] and m. 

Ralf Koetter and Frank R. Kschischang na endowed the Grassman¬ 
nian G{1, N){¥q) of /-dimensional Fg-linear subspaces of F^ with the 
metric 


( 1 ) dist(Ri, V2) := dimF^(Vi + V2) - dimF^(Vi G V2) = 

(2) dim(Ri) + dim(R 2 ) - 2 dim(l/i n V 2 ) , 
where Vi,V2 e G(l,N)(¥q). 


Definition 1. A linear network code C C G{l,N){¥q) is a set of l- 
dimensional F^-Zmear subspaces of¥^. 

The size of the code C C G{1, N)(¥q) is denoted by \C\ and the min¬ 
imal distance by 


( 3 ) 


D{C) : = 


min 

Vl,V2(^C,VlJ^V2 


dist(Ri,R2) • 


The linear network code C is said to be of type [A^, /, log^ |C|, D{C)]. Its 
normalized weight is X = j^, its rate is R = and its normalized 

minimal distance is 6 = 


Ralf Koetter and Frank R. Kschischang showed that a minimal dis¬ 
tance decoder for this metric achieves correct decoding if the dimension 
of the intersection of the transmitted and received vector-space is suf- 
hciently large. Also they obtained Hamming, Gilbert-Varshamov and 
Singleton coding bounds. 


Algebraic curves and Riemann-Roch spaces. Let X be an absolutely 
irreducible, projective algebraic curve of genus g dehned over the hnite 
held ¥q. Let X(Fg) be the Fg-rational points on X. 

To any subset S C X(Fq) and any positive integer k, we associate 
the divisor ^ Div(X) and the Riemann-Roch spaces 

K = l(A; ^P) C L(fc P)=W . 

P&S P£X{¥g) 


( 4 ) 
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Certain collections of such subspaces V C W will comprise our linear 
network code with ambient space W. 

The general construction and applications in concrete cases. In our 
construction, we obtain a subspace as in (|1]) for each subset S C X(Fg) 
of given size s. Using the Riemann-Roch theorem we are able to deter¬ 
mine all the parameters of the resulting linear network codes depending 
on the number of Fg-rational points on the curve X and its genus g. 

The potential of our construction relies on the ability to hnd curves 
with many Fg-rational points, which is in fact possible. We recollect 
some of the theory of bounds on the number of F,j-rational on curves 
in I2.11 

In 12.21 we discuss the Hermitian curve and the Deligne-Lutzig curves 
associated with the Suzuki and Ree groups all having the maximal 
number of points for curves of their genera. 


2. Construction of linear network codes from algebraic 
CURVES AND RiEMANN-ROCH SPACES 


Let X be a absolutely irreducible and projective algebraic curve of 
genus g dehned over the hnite held Fg. Let X(Fq) be the set of Fg- 
rational points on X and n = |X(Fg)| their number. 

For a hxed positive integer fc, let k ■ ^ ^ Div(X) be the 

Frobenius invariant divisor of degree kn with support in all of the Fg- 
rational points. The ambient vector space W of the linear network 
codes is the associated Riemann-Roch space 

(5) H^ = l(v 5^ P) . 

PexiWq) 


From Riemann-Roch we have 


( 6 ) 


N = dim W > kn + 1 — g 
N = dim W = kn + 1 — g for kn > 2g — 1 


We refer to [1] for the general theory of Riemann-Roch spaces. 


Remark 1. Let D G Div(X) be a Frobenius-invariant divisor on X, 
then the vector space L{D) has a basis of Frobenius-invariant vectors 
and 

(7) dimL(Zi)) = dimFL(Zi)) = dirnF,, , 

where C L(i7) denotes the subspace of Frobenius-invariant vec¬ 

tors in L{D). 

As all our divisors are Frobenius-invariant and we will consistently 
use 

Definition 2. For a fixed positive integer s, the linear network code 
Ck,s of linear subspaces ofW in ^ is constructed by associating to any 



4 


JOHAN P. HANSEN 


subset S C X(Fg) of size s, the Frohenius-invariant divisor k ■ 
of degree ks and its Riemann-Roch space V = L -^) ■ 

Specifically 

(8) Cfc,,= |v^ = L(fc-5^p) ciy I ^ c X(F,), 1^1 = 5 } . 

PeS 

As for the dimension I = dim V of the linear subspaces V = L ■ X]pe 5 ^ 

in the network code, the theorem of Riemann-Roch gives 

( 9 ) ^ 

I = dim V = dim L ■ X]pe 5 -^) P ks + 1 — g 

I = dim V = dim L (k ■ Xlpes Pj=ks + l — g ior ks > 2g — 1 
with S of size s, see [1]. 

As for the intersection of two linear subspaces Vi = h{k ■ ^ 

and V 2 = ■ XlpeSanetwork code, we have from the 

definition of the Riemann-Roch spaces 

(10) Ri nRs = L(^fc- ^ p) nL(^fc- ^ p) = L(^fc- P 

PGSi PeS 2 PeSinS '2 

If S'! n 52 = 0, we have that lA fl V 2 = 0 and dim lA fl V 2 = 0. 

If 5i n ^2 7 ^ 0, the theorem of Riemann-Roch gives that 


( 11 ) 


dim lA n lA P fc| 5 i n ^2! + 1 — S' 
dim lA n lA = ^| 5 i n ^2! + 1 — S' for /c| 5 i n ^2! > 2^ — 1 

as the divisor k ■ X)pGSin 52 degree /c|5i fl ^ 2 ! > 0 . 

Theorem 2. Let X be an absolutely irreducible and projective algebraic 
curve of genus g defined over the finite field F^. Let X(Fq) be the F^- 
rational points on X and n = |X(Fq)| their number. 

Let Ck,s be the linear network code of Definition\B 
Assume k, s are positive integers with ks > 2g — 1. 

The dimension N of the ambient space W is 

(12) N = dim W = kn + 1 — g . 

The dimension I of the vector spaces V G Ck,s is 

(13) I = dim V = ks + g — 1 . 

The size of the code is 

' n' 


(14) 


\Ck,s\ = 


If s = 1 the minimum distance of the code is 
(15) DiCk , s ) = 2 ik + g - l ) . 
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If s > 1, assume k{s — 1) > 2g — 1. The minimum distance of the 
code is 

(16) D{Ck,s) = 2k . 

Proof. The claim flT^ follows from ([H]) and f[T5]) follows from (E]). The 
claim in fITT]) is obvions as there is a distinct vector space in the linear 
network code for each choice of s points among the n points in |X(Fq)|. 
Finally flThll and ffTHjl follow from ffTTjl . as we obtain the minimal 

distance between two distinct vector spaces Vi = 'L{k ■ XlpeSi -^) 

V 2 = L ^/c ■ YlpeS 2 -^) network code when their intersection has 

maximal dimension. 

I case s = 1 the intersection always has dimension 0. From the 
dehnition of the metric in ([ 1 ]) and ([I3j), we conclnde 

(17) dist{Vi,V2)=2{k + l-g) . 

In case s > 1 the maximal dimension of the intersection is obtained 
when IS*! fl S' 2 | = s — 1 and nnder the assumption k{s — 1 ) > 2g — 1, 
we have 

(18) dim Vi P[V 2 = k\Si S 2 \ + I — g = k{s — 1 ) + 1 — . 

From the definition of the metric in ([1]) and flTdl) . we conclnde 

(19) dist(I/i, V 2 ) = 2{ks + 1 — g) — 2(k{s — 1) + 1 — g) = 2k . 

□ 


Corollary 1. Under the assumptions of the theorem and in the nota¬ 
tion of Definition [I] the normalized weight of the code Ck^s is 

ks -\-1 — g 
kn + 1 — g 

The rate of the code is 



( 21 ) 


R = 


logdO) 


( 22 ) 


{kn + 1 — g){ks 1 — g) 

The normalized minimal distance 5 of the code satisfies 

2g-l 


5 > 


is + l)9 


Proof. Only the claim on the normalized minimal distance is non¬ 
trivial. 

In case s = 1, two distinct vector spaces in the linear network code 
has trivial intersection and the normalized minimal distance 5 is 1. 

In case s > 1, we get from the theorem that 


(23) 


2k 1 

2{ks + l-g) “ s-t-V ■ 


By assnmption k > and follows. 


□ 
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2.1. Sizes of the codes and the number of rational points on the 
curves. Let ¥g be the field with q elements, and let X be a projective 
and absolutely irreducible algebraic curve of genus g defined over F^. 

In order to produce linear network codes of large size, curves with a 
larger number |X(Fq)| of Fg-rational points are needed. 

The Hasse-Weil bound asserts 

(24) 1 + q — 2g^/q < |X(Fq)| < 1 + S' + 2g^/q . 

For a given genus g, the Hasse-Weil bound fl2Tj) can often be im¬ 
proved, in particular when the genus g is large compared to the field 
size q. 

Let Nq{g) be the maximum number of F^-rational points on any 
curve over ¥g of genus g. 

Then 

(25) limsup ^ — 1 

g^oo g 

for square cardinalities q. 

Drinfeld and Vladut [3] derived the bound 

(26) limsup ^ — 1 

g^oo g 

for fixed q. 

Ihara proved in m that 

(27) limsup ^ — 1 

g^oo g 

for square cardinalities q. This was again proved by Tsfasman, Vladut 
and Zink in |15] . 

Garcia and Stichtenoth wrote down explicit towers of field extensions 
in [5] realizing the equality in fl25p . see also 0, E and [13]. For the 
general theory of function fields, see [T3] . 

Here we will not study the linear network codes constructed from the 
towers of Garcia and Stichtenoth, but proceed to present codes from 
Deligne-Lusztig curves all having the maximal number of F^-rational 
points allowed for their genera. 

2.2. Linear network codes from Deligne-Lnztig Curves. Lin¬ 
ear network codes can be constructed from Riemann-Roch spaces on 
Deligne-Lusztig curves associated to a connected reductive algebraic 
group G defined over a finite field F^. These curves was originally 
introduced in |3]. 

The Deligne-Lusztig curves used in the construction of the codes have 
in some cases many Fg-rational points - in fact the maximal number in 
relation to their genera as determined by the explicit formulas of Weil. 
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The relevant groups for Deligne-Lusztig curves are groups of Fg-rank 
1. There are only four such groups: Ai{q), ^- 82 = 2^*^+^), 

2G'2(g2 = 32 ^+ 1 ). 

The corresponding Deligne-Lusztig curves are smooth, projective 
curves over Fg. 

In [7] the genera of and the number of rational points on the corre¬ 
sponding curves are determined in all 4 cases: 

i) Ai: X = P^. It has genus 0 and 1 + q over Fg 

ii) ^^ 2 : The Fermat curve X : of degree g -|- 1. 

It has genus q{q — l)/2 and 1 -|- points over Fg 2 . 

iii) ^- 82 : The Deligne-Lusztig curve of Suzuki type. It has genus 
g(g^ — l)/\/2 and 1 -|- g"^ points over Fg 2 . 

iv) ‘^G 2 - The Deligne-Lusztig curve of Ree type. It has genus 
\/3g(g^ — l)/2 + g^(g^ — l)/2 and has 1 -|- g® points over Fg 2 . 

See also |9] for the curves of Suzuki type, where bases for the vector 
spaces L(P) are determined and [ 8 ] for the curves of Ree type. 

The parameters of the resulting linear network codes are obtained 
by substituting the values of g and |X(Fg)| in the formulas of Theorem 
[2] and Corollary [U 
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